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Abstract 
Milling forces play an important role in the milling process and are generally calculated by the mechanistic or numerical methods which are 
considered time-consuming and impractical for various cutting conditions and workpiece-tool pair. Therefore, this paper proposes an analytical 
method for modelling the milling forces in helical end milling process based on a predictive machining theory, which regards the workpiece 
material properties, tool geometry, cutting conditions and types of milling as the input data. In this method, each cutting edge is discretized into 
a series of infinitesimal elements along the cutter axis and the cutting action of each element is equivalent to the classical oblique cutting 
process. The three dimensional cutting force components applied on each element are predicted analytically using this predictive oblique 
cutting model with the effect of cutting edge radius. Finally, the proposed analytical model of milling forces is verified by the published results 
and the simulation values using the software AdvantEdge FEM. 
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1. Introduction 
The helical end milling has been used extensively to 
machine parts with sculptured surfaces, such as propellers, 
turbines. The cutting force is the basis for predicting the 
chatter-free cutting parameters, jig and fixture strength and 
process optimization [1], [2]. Therefore, the accuracy 
prediction of cutting force model is very crucial to improve 
the machining performance, the workpiece surface quality and 
process stability. To this end, considerable studies have been 
focused on the milling forces model with various cutting 
conditions and workpiece-tool pair. 
According to the available studies, there exist three main 
methods to model milling forces, i.e. mechanistic, numerical, 
and analytical ones [2]-[19]. The mechanistic methods [2]-[9], 
which are commonly used to milling forces model, regard the 
cutting force coefficients as the relation between process 
variables and milling forces. The coefficients are calibrated 
from a set of milling [2]-[6] or orthogonal experiments [7]-[9] 
for a given tool-workpiece pair. However, this approach is 
only valid for a certain workpiece-tool material pair and the 
calibration done by numerous experiments is impractical due 
to high cost and hardware setup complexity.  
Currently, the numerical methods [10], [12] are focused 
on the study of the interaction between the tool and the 
workpiece and the complex thermo-mechanical phenomenon. 
An arbitrary or updated Lagrangian formulation is employed 
in the finite element technology to simulate the machining 
process and predict the milling forces. Nevertheless, this 
approach is time-consuming and the commercial simulation 
software is too costly to be available. 
For the analytical methods, they try to establish 
mathematical relations between the milling forces and several 
mechanical aspects like friction, geometry and material 
behavior. For instance, Merchant [12] and Armarego [14] are 
two of the main contributors to this kind of models by the 
development of orthogonal and oblique cutting mechanics. 
Oxley [14] developed a predictive machining theory that 
allows for the high strain rate, high temperature and thermal 
properties of the work material. Based on Oxley’s predictive 
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Fig. 3. Waldrof’s slip-line field for plough forces 
In Fig. 3, er  is the edge radius, 0U  is the prow angle 
which inclined to the uncut workpiece surface (10 deg in 
present analysis), R  is the radius of the circular fan filed 
centered at P, the fan field angles 0 ,J -  and K  are found from 
the geometric and friction relationship. the plough forces can 
be determined as follows˖ 
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where sW  is shear flow stress of the primary shear plane PH; 
the width of cut w  is equal to / cos sdz O ; 0.5arccosK P , P  
is the friction coefficient between tool and workpiece;
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Due to the edge radius, the effective normal rake angle 
will vary depending on the edge radius and the depth of cut. 
The detailed calculation can be referenced to [24]. 
Therefore, for the infinitesimal element of the j-th 
cutting edge, the three differential cutting force components 
, , ,, ,t j r j a jdF dF dF  (tangential, radial, axial), applied to point P  
in Fig.2 (a), are evaluated from the following matrix form: 
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As shown in Fig.1 (a), the components , , ,, ,t j r j a jdF dF dF  
in local coordinates are transformed to the global coordinates 
using the relations: 
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The differential cutting forces are integrated along the 
in-cut portion of the j-th cutting edge and the total cutting 
forces produced by this cutting edge can be obtained as: 
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where 1( )jz I  and 2 ( )jz I  are the lower and upper axial 
engagement limits of the in-cut portion. 
Finally, the cutting forces contributed by all cutting 
edges are summed to obtain the total instantaneous forces on 
the end-milling cutter as follows˖ 
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3. Model validation 
3.1. Comparison with the published results 
A computer program in MATLAB 7.9 is developed to 
implement the feasibility of the proposed analytical model of 
milling forces for helical end milling. The published results [8] 
obtained from the mechanistic model and experimental data 
are selected for comparison, in which two tests, i. e. half-
immersion up-milling and half-immersion down-milling, are 
carried out. The workpiece material is Ti6Al4V whose 
material parameters in Eq. (14) are given by [24]: 
0
=862.5MPa, =331.2Mpa, 0.0128, 0.34,
0.8, 1, 1933K, 293Km r
A B C n
m T TJ
  
     
and the material density U  is 34430kg / m , the specific heat 
pc  is 542J / (kgK) , the thermal conductivity pk  is 6.7W / (mK)  
and the Taylor-Quinney coefficient 0.85F  . 
The carbide milling cutter used in up-milling has four-
flute cutting edge, 30deg helix angle, 12deg rake angle and 
19.05mm diameter. And the cutter used in down-milling has 
the same tool geometry as in up-milling except that the rake 
angle is 00. The cutting conditions are listed in Table 1. 
Table 1. Cutting conditions used in [8] 
Case 
Cutting 
velocity V  
(m/min) 
Feed rate  
tf  
 (mm/tooth) 
Radial depth 
of cut 
rd (mm) 
Axial depth 
of cut 
pa (mm) 
type 
1 30 0.050 9.525 5.08 up 
2 30 0.0127 9.525 5.08 down 
Likewise, the proposed analytical model utilizes the 
same constants of the workpiece material, cutting conditions, 
tool geometry. The mean friction angle nE  is obtained from 
Appendix A, where the sliding friction coefficient sP  is 
taken as 0.6 for this tool-workpiece pair. From the orthogonal 
cutting database [8], the material constant is 045G  and the 
plough force coefficients are 24teK  N/mm; 43reK  N/mm. 
Fig. 4 shows the comparison of milling forces obtained 
by the proposed analytical model and the published results [8]. 
It can be observed that the milling forces calculated in the 
present work, are in good agreement with the published 
results obtained by the mechanistic model and experimental 
data. There exists a small deviation on the amplitude of the 
maximum milling forces between the proposed analytical 
model and the published results. This deviation might be 
attributed to the cutter deflection which is not considered in 
this proposed model. 
Furthermore, the mean shear flow stress sW  predicted in 
the primary shear zone is about 592MPa and very close to the 
value 613MPa of the orthogonal cutting database in [8]. 
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(b) Case 2: Half-immersion down-milling  
Fig. 4. Comparison of milling forces between the analytical model and the 
published results [8] 
3.2. Comparison with the results using simulation software 
To further verify the proposed analytical milling forces 
model, we compare with the simulation results using the 
software AdvantEdge FEM which adopts the adaptive mesh 
technology and ALE (Arbitrary Lagrangian-Eulerian) 
approach to simulate various cutting processes. 
In the end milling simulation, the workpiece material is 
AISI 304 stainless steel and its material constitutive model are 
described by Eq. (14) and the related parameters of material 
properties are listed in Table 2. And Table 3 gives the 
geometry of helical end milling cutter and the cutting 
conditions. 
Table 2. Material properties of AISI 304 [25] 
A(MPa) B(MPa) C n m 0J /s Tm(K) Tr (K) 
310 1000 0.07 0.65 1.00 1.00 1673 293 
Density 
U  (kg/m3) 
Heat capacity 
pc  ( / ( )J kgK ) 
Thermal conductivity 
pk  ( W / (mK) ) 
Taylor-Quinney  
Coefficient F   
7900 440 17.3 0.90 
Table 3. Tool geometry and cutting conditions 
Diameter 
D (mm) 
Helix angle  
0i (deg) 
Rake angle 
rD (deg) 
Number of 
teeth tN  
Edge radius 
er (mm) 
8 30 5 4 0.04 
Case 
Spindle 
speed rn  
(rpm) 
Feed rate 
tf  
(mm) 
Radial depth 
of cut rd
(mm) 
Axial depth 
of cut pa
(mm) 
Type 
1 2000 0.15 4 2.0 up 
2 4000 0.10 4 2.0 down 
The proposed model adopts the same parametric values 
in Table 2 and Table 3. The mean friction angle is obtained 
from Appendix A, where the sliding friction coefficient is 
taken as 0.5 for this tool-workpiece pair and the material 
constant is 045G  . 
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Fig. 5. Comparison of milling forces between the proposed model and 
simulation results 
The simulation data of milling forces are compared with 
the proposed analytical model in one revolution of the cutter 
under the corresponding cutting conditions in Table 3. It can 
be seen from Fig. 5 that the waveforms of milling forces 
obtained in the present work, agrees well with the simulation 
results using the AdvantEdge FEM in terms of the amplitude, 
phase and pulsation pattern. The derivations of the average 
and peak milling forces are evaluated to be less than 15%. 
The possible reason for the derivations may be the frequent 
remeshing and the discretization of the cutting zone. 
Therefore, the simulation results clearly demonstrate the 
effectiveness of the proposed analytical model of milling 
forces. 
4. Conclusion 
In this paper, an analytical modelling of milling forces 
for helical end milling has been developed based on a 
predictive machining theory. In the model, milling forces are 
predicted from the input data of workpiece material properties, 
tool geometry, cutting conditions and types of milling. Each 
cutting edge of the helical cutter is discretized into a series of 
infinitesimal elements and the cutting forces of each element 
are predicted analytically using the classical oblique cutting 
model. Compared with the published data obtained from the 
experimental data and mechanistic model, the proposed 
analytical model has a good agreement for milling forces. The 
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simulation results using the software AdvantEdge FEM shows 
further that the proposed model is efficient and suitable. In 
addition, the proposed model has a priority to the mechanistic 
model which requires many experiments for given tool-
workpiece pair and cutting conditions. However, the effect of 
tool eccentricity and deflection in milling process need to be 
considered in future work for more accurate prediction of 
milling forces. 
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Appendix A: The mean friction angle nE  
The friction behavior in metal cutting was analyzed in cutting 
process by Ozlu et al. [27], who presented an analytical dual 
zone model of tool and chip interface by sticking and sliding 
zones. 
1/
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where, sW  is shear stress of the primary shear plane PH; 
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     is the normal pressure at 
tool tip; [  is the exponential constant for pressure distribution 
(usually taken as 3); sP  is the sliding friction coefficient for 
the tool workpiece pair.  
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